Abstruct-In this paper, we derive the optimal structuring elements of morphological filters in image restoration. The expected pattern transformation of random sets is presented. An estimation theory framework for random sets is subsequently proposed. This framework is based on the least mean difference (LMD) estimator. The least mean difference (LMD) estimator is defined to minimize the cardinality of the expected pattern transformation of the set-difference of the parameter and the estimate. Several important results for the determination of the least mean difference (LMD) estimator are derived. The least mean difference (LMD) structuring elements of morphological filters in image restoration are finally derived.
I. INTRODUCTION
ATTERN restoration is an important problem in image P processing and analysis applications. Various methods have been proposed for pattem restoration. Among the most important techniques is the median filter (and its repeated iterations) [ 11-[2] . The median filter has been proven to minimize the absolute value of the error [I] . The ubiquity of the median filter (and its repeated iterations) is further attributed to its superior performance in pattem restoration applications [2] . The implementation of this technique, however, results in a high computational complexity due to the large number of iterations required.
A more recent approach to pattem restoration is based on morphological filters (i.e., increasing and idempotent operators) [3]-[9] . In [ lo]-[ 131, morphological filters have been demostrated to provide an approximation of median filters. The popularity of morphological filters in pattem restoration applications is ultimately attributed to their performance [14] - [19] . The main advantage of morphological filters is due to their idempotence (i.e., single iteration filters) [3] - [9] . Fast algortithms for the implementation of morphological filters have also been proposed [20] . As a result, a very low computational complexity is required for the implementation of morphological filters.
In the theory of mathematical morphology, an image is probed by a structuring element which interacts with the image in order to extract useful information about the geometrical structure of the image [3]- [9] . A fundamental problem in the application of mathematical morphology is the determination of the optimal structuring element. The performance of the morphological filters in pattem restoration is critically dependent on the choice of the structuring element [14] - [19] . The optimal "size" of a given structure element of morphological filters in pattem restoration has been derived in [I41 and [15] . The determination of the optimal structuring element of morphological filters in pattem restoration, however, has remained an open problem. Our approach to the determination of the optimal structuring elements of morphological filters in image restoration is to formulate the problem as the solution of a parameter estimation problem in terms of random set theory [21] - [25] . The theory of random sets characterizes the distribution of a collection of sets in a probability space. Its utility, however, is severely limited due to the absence of an estimation theory framework for random sets. The success of our approach, therefore, relies on the development of an estimation theory for random sets.
In this paper, we derive the optimal structuring elements of morphological filters in image restoration. In Section 11, we provide some basic notation used throughout this presentation. In Section 111, we present the expected pattern transformation of random sets. Some basic properties of expected pattem transformations are derived. In Section IV, we propose an estimation theory for random sets. This framework is based on the least mean difference (LMD) estimator. The least mean difference (LMD) estimator is defined to minimize the cardinality of the expected pattem transformation of the setdifference of the parameter and the estimate. Several important results for the determination of the least mean difference (LMD) estimator are derived. In Section V, we present the noise model used in the characterization of the degradation process. In this presentation, the noise model is assumed to be the germ-grain model [3] , [ 141-[ 151 [21] - [23] . This model consists of a collection of random sets (primary grains) located at sites determined by a point process (germs). In Section VI, we derive the least mean difference (LMD) structuring elements of the morphological opening for the restoration of binary images. The degradation process in this section is assumed to be the addition (union) of the noise model to the original pattem. In Section VII, we derive the least mean difference (LMD) structuring elements of the morphological closing for the restoration of binary images. The degradation process in this section is assumed to be the subtraction (setsubtraction) of the noise model from the original pattem.
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PRELIMINARIES
Let us consider the collection of discrete and binary sets {X : X c 2'}. The complement X" of set X is given by X" 7 {x E 2, : x E x}. The symmetric X of set x is given by X = {x E 2, : -x E X}. The translation X + {y} of set X byvectory is given by X+{y} = { z : z = x + y ; x E X}. The set-subtraction X1 -X2 of sets X1 and X2 is given by X 1 -X2 = X1 n X;. The set-difference X 1 N X2 of sets X1 and X, is given by XI -X2 = (XI U X2). The cardinality Card [XI of set X is given by Card[X] = CZE~'lr, where 1, = 1 (resp., 1, = 0), whenever x E X(resp.,x $ X);
i.e., the cardinality of set X represents the total number of elements in X . A set X is finite if Card[X] <K .
Let the structuring element B denote a finite set. The erosion X e B of set X by structuring element B is given by
X e B = n b E B ( X + { -b } ) . T h e d i l a t i o n
The opening YB (X) of set X by structuring element B is given by YB(X) = X 8 B @ B. The closing $B(X) of set X by structuring element B is given by $B(X) = X @ B 8 B. 
EXPECTED PATTERN
In this section, we present the expected pattem transformation of random sets. Some basic properties of expected pattem transformations are derived. A further discussion of expected pattem transformations appears in [26] - [29] .
Let O denote the pattem space; E(n) denote the a-algebra in 0; and, P ( 0 ) denote a probability measure on the measurable space [a, C(R) ].
Definition 1 : A random set X is a mapping of the probability space [O, E(O) , P ( o ) ] into the measurable space [R, E(O) 
. whenever XI n X 2 = 8.
Several examples of expected pattem transformations have been proposed previously [26] - [29] . We shall now investigate the basic properties of expected pattem transformations.
In the following definition, we provide conditions for the expected pattem transformation of a union of random sets to be equivalent to the union of the expected pattem transformation of the random sets.
Definition 3: Random sets X1 and X2 are independent if
(1)
In the following proposition, we derive conditions for the expected pattem transformation of an intersection of random
sets to be equivalent to the intersection of the expected pattem transformation of the random sets. 
This completes the proof. U In the following proposition, we derive conditions for the expected pattem transformation of a set-subtraction of random sets to be equivalent to the set-subtraction of the expected pattem transformation of the random sets.
Proposition 2:
If X i and X2 are independent random sets, then (3)
This completes the proof.
0
In the following proposition, we derive conditions for the expected pattem transformation of a set-difference of random sets to be equivalent to the set-difference of the expected pattem transformation of the random sets.
Proposition 3: If X1 and X2 are independent random sets, and X : and X i are independent random sets, then
Proofi From (1)-(3), and the fact that ( X I U X2)' and ( X I n X2) are independent random sets, we observe that
The expected pattem transformation of random sets presented will be used in the development of an estimation theory framework for random sets in the next section.
IV. PAITERN ESTIMATION
In this section, we propose an estimation theory framework for random sets. This framework is based on the least mean difference (LMD) estimator. The least mean difference (LMD) estimator is defined to minimize the cardinality of the expected pattem transformation of the set-difference of the parameter and the estimate. Several important results for the determination of the least mean difference (LMD) estimator are derived.
A degraded set Y is obtained by a random degradation transformation e(.) of set X ; i.e.,
( 5 ) It is important to notice that the mean difference J(X1, X Z ) of deterministic sets X I and X Z is equivalent to the setdifference distance function d(X1; X2) of deterministic sets X I and X Z (see (7b)) [141-[15] .
We shall now investigate the determination of the least mean difference (LMD) estimator.
In the following theorem, we derive conditions for the least mean difference (LMD) estimator to minimize the cardinality of the set-difference of the parameter and the expected pattern transformation of the estimate. (4) and (7) we observe that J (
This completes the proof. In the following proposition, we derive conditions for an unbiased estimator to be the least mean difference (LMD) estimator.
Proposition 4 : If X and X are independent, and X " and X " are independent, and if a(.) is an unbiased estimator, then a(0) is the least mean difference (LMD) estimator.
0
In the followoing corollary, we derive conditions for the least mean difference (LMD) estimator to maximize the cardinality of the expected patten! transformation of the estimate. 
In the following corollary, we derive conditions for the least mean difference (LMD) estimator to minimize the cardinality of the expected pattem transformation of the estimate. (8), and the fact that, if X I 2 X2, then
The estimation theory framework for the solution of statistical interference problems for random sets proposed will be used in the derivation of the least mean difference (LMD) structuring elements of morphological filters in image restoration in the subsequent sections.
V. NOISE MODEL
In this section, we present the noise model used in the characterization of the degradation process. In this presentation, the noise model is assumed to be the germ-grain model [3] , [14] , [15] , [21] , [23] . This model consists of a collection of random sets (primary grains) located at sites determined by a point process (germs).
Let us consider a sequence of random sets { C , : 1 5 m 5 ( 1 1) The model given by (11) Let ds ( 0 ; 0 ) denote the "eight-point-nearest-neighbor" metric [30] .
Definition 5: Sets X1 and X2 are disconnected if d 8 ( z l ; z 2 ) > 1, for every z l E X1 and z 2 E X2.
In this presentation, we assume that { C , + {z, } : 1 5 m 5 M } is a sequence of disconnected random sets. We shall further assume that ( C , + {z,}) and X are disconnected sets or ( C , + {z,}) and X" are disconnected sets for every 1 5 m < M .
The germ-grain model has been used in many practical applications [3] , [14] , [15] , [21] - [23] . This model is often used to represent binarized colored noise, e.g., colored Gaussian and Shot noises [l] , [2] . For further discussion on the validity of this model refer to [23] .
VI. MORPHOLOGICAL PATTERN RESTORATION: ADDITIVE NOISE
In this section, we derive the least mean difference (LMD) structuring elements of the morphological opening for the A restored set X is given by where re(.) is the morphological opening by structuring element B.
Let us consider a collection of B of structuring elements, e.g., B = {B; B c Z'}. The optimal structuring element Bo is defined to be the least mean difference (LMD) structuring element BLMD among the collection of structuring elements
We shall now investigate the determination of the least mean 
This completes the proof. 
0
In the following theorem, we derive conditions for the least mean difference (LMD) structuring elements to maximize the cardinality of the morphological opening of the original pattern. 
In the following corollary, we derive conditions for the least mean difference (LMD) structuring element among a collection of expanding structuring elements to be the "smallest" structuring element.
Proof: The proof is obtained directly from Theorem 2 (see (15)).
In the following example, we determine the least mean difference (LMD) structuring elements of the morphological opening for the restoration of binary images corrupted by additive noise.
Example 1: Let us consider the "Boxne" (Bz) structuring element (see Fig. 1 ). Let us also consider the probability space [R, C(fl) 
where the pattern space R is given by R = {kBz : 0 5 k 5 a}, and the probability measure P ( 0 ) is given by P(Cm = k B z ) = 1/3, for every 1 5 rrr, 5 M , and for every 0 5 k 5 2. Therefore, we observe that C*(R) = 2Bz. Let us now consider the collection B of structuring elements given by B = { k l , R, k2S : 2 5 kl 5 5 , 2 5 k2 5 5 } , where R and S denote the "Rhombus"
and "Square" structuring elements, respectively, (see Fig. I ). The procedure for the determination of the least mean difference (LMD) structuring elements provided in the previous theorem requires the characterization of the cardinality of the morphological opening of the original pattem (see (15) ). The requirement for such a priori information would be circumvented provided a restriction of the class of original pattems such that the cardinality of the morphological opening of the original pattem is maximized by a particular structuring element of a given "size" is permitted. An altemative to this restriction is investigated in the remainder of this section.
In the following theorem, we derive conditions for the least mean difference (LMD) structuring elements to minimize the cardinality of the expected pattem transformation of the morphological opening of the primary grains. Therefore (C) 
d ( X ; X ) .

[ X ] = E [ Y B ( X U N ) ] = E [ Y B ( X ) U Y B ( N ) ] = E['YB(X)] U E[?'B(N)] = Y B ( X ) U E[?B(U%i(Cm + { Z m > ) ) l = Y B ( W U E[U,M_,(YB(Cm
+ {%}))I = Y B ( X ) U U%=,(E[YB(Cm + { G n } ) ] ) = Y B ( X ) U {%}) = YB(X) U U,M==1(E[YB(C)I + {%I) = A4
U,=i(E[YB(Cm)+{xm)]) = Y B ( x ) u U:=i(E[YB(Cm)]+ X U U:==,(E[YB(C)] + {z~}).
] + { z m } ) ] = Card[X] + CaTd[Uf=(,1(E[YB(C)l + {%))I = Card[X] + C?='=1Card[E[yB(C)] + {Xk}] = Card[X] + C~= ' = , C U~~[ E [~B ( C ) ] ] = Card[X] + K . C
a r d [ E [ y~( C ) ] ]
(see (10)).
In the following corollary, we derive conditions for the least mean difference (LMD) structuring element among a collection of expanding structuring elements to be the "largest" structuring element.
Proofi The proof is obtained directly from Theorem 3
In the following example, we determine the least mean difference (LMD) structuring elements of the morphological opening for the restoration of opened binary images corrupted by additive noise.
Example 2: Let us consider the "Boxne" ( B z ) structuring element (see Fig. 1 ). Let us also consider the probability space [O, C(R), P(o)], where the pattem space fl is given by R = {kBz : 0 5 k 5 2}, and the probability measure P ( 0 ) is given by P ( C , = kBz) = 1/3, for every 1 5 m 5 M , and for every 0 5 k 5 2. Let us now consider the collection B of structuring elements given by B = { k l , R, K2S : 0 5 kl 5 3 , 0 5 k~ 5 a}, where R and S denote the "Rhombus" and "Square" structuring elements, respectively (see Fig. 1 The procedure for the determination of the least mean difference (LMD) structuring elements provided in the previous theorem requires a restriction of the class of original patterns to be open with respect to a collection of structuring elements. Moreover, this procedure requires the characterization of the cardinality of the expected pattern transformation of the morphological opening of the primary grains (see (16)). As demonstrated in the previous example, the cardinality of the morphological opening of the noise model can be used as an indicative measure for the cardinality of the expected pattern transformation of the morphological opening of the primary grains. Furthermore, various methods for the estimation of the cardinality of the morphological opening of the noise model could be utilized, e.g., pattern spectrum estimation [ 141, [ 151, [3 I]. An "optimal" estimation of the cardinality of the expected pattem transformation of the morphological opening of the primary grains, however, remains an open problem.
d ( X ; X).
0
VII. MORPHOLOGICAL PATTERN RESTORATION: SUBTRACTIVE NOISE
In this section, we derive the least mean difference (LMD) structuring elements of the morphological closing for the restoration of binary images. The degradation process in this section is assumed to be the subtraction (set-subtraction) of the noise model from the original pattern.
The degradation of set X by the noise model N yields a degraded set Y given by Y = X -N . Let us now consider a collection B of structuring elements, e.g., B = {B : B G 2 2 } .
The optimal element Bo is defined to be the least mean difference (LMD) structuring element BLMD among the collection of structuring elements B, i.e., In the following theorem, we derive conditions for the least mean difference (LMD) structuring elements to minimize the cardinality of the morphological closing of the original pattern.
Theorem4: If B = {B : B 2 C*(R)}, then tion of expanding structuring elements to be the "smallest" structuring element.
CoroElary.5:
Proof: The proof is obtained directly from Theorem 4 (see (20) ).
0
In the following example, we determine the least mean difference (LMD) structuring elements of the morphological closing for the restoration of binary images corrupted by subtractive noise.
Example 3: Let us consider the "Boxne" (Bz) structuring element (see Fig. 1 ). Let us also consider the probability space [a, C(R), P(o) ], where the pattern space R is given by R = { kBz : 0 5 k 5 2 } , and the probability measure P( 0 ) is given by P(Cm = k B z ) = 1/3, for every 1 5 m 5 M, and for every 0 5 k 5 2. Therefore, we observe that C*(R) = 2Bz. Let us now consider the collection B of structuring elements given by B = { k l R , kaS : 2 5 kl I 5 , 2 5 5 5 } , where R and S denote the "Rhombus"
and "Square" structuring elements, respectively (see Fig. 1 (17)).
The restored image X given by the morphological closing
2~( Y )
[resp., 42s(Y)] of the degraded image Y by the least mean difference (LMD) structuring element 2R (resp., 2s) among the collection of structuring elements B is depicted in 
0
The procedure for the determination of the least mean difference (LMD) structuring elements provided in the previous theorem requires the characterization of the cardinality of the morphological closing of the original pattem (see (20) ). The requirement for such a priori information would be circumvented provided a restriction of the class of original pattems such that the cardinality of the morphological closing of the original pattem is minimized by a particular structuring element of a given "size" is permitted. An altemative to this restriction is investigated in the remainder of this section.
In the following theorem, we derive conditions for the least mean difference (LMD) structuring elements to minimize the cardinality of the expected pattem transformation of the morphological opening of the primary grains. difference distance function d ( X ; X ) . (21) Proof: From (1 I), (17) , and (18), and the fact that ~B ( X ) = X , for every B E B (and some basic properties 
Therefore, we observe that E [ X ] X (see Corollary 1).
Moreover, we observe th,at there exists L E N, where
(see (9)).
In the following corollary, we derive conditions for the least mean difference (LMD) structuring element among a collection of expanding structuring elements to be the ''largest'' structuring element.
Proof: The proof is obtained directly from Theorem 5
In the following example, we determine the least mean difference (LMD) structuring elements of the morphological closing for the restoration of closed binary images corrupted by subtractive noise.
Example 4: Let us consider the "Boxne" ( B z ) structuring element (see Fig. 1 ). Let us also consider the probability space [Q, C(R), P ( o ) ] , where the pattem space Q is given by Q = {kBz : 0 5 k 5 2}, and the probability measure P ( 0 ) is given by P(Cm = kBz) *= 1/3, for every 1 5 m 5 M , and for every 0 5 k 5 2. Let us now consider the collection of B of structuring elements given by l? = { k l R , k z S : 0 5 ICl 5 2,O 5 kz 5 a}, where R and S denote the "Rhombus" and "Square" structuring elements, respectively (see Fig. 1 ). From Theorem 5 and Corollary 6, we observe that the least mean difference (LMD) structuring element B L A~D among the collection of structuring elements l? is given by B L~~D = arg mingE2R,zS C a r d [ E [ y~( C ) The procedure for the determination of the least mean difference (LMD) structuring elements provided in the previous theorem requires a restriction of the class of original pattems to be closed with respect to a collection of structuring elements. Moreover, this procedure requires the characterization of the cardinality of the expected pattem transformation of the morphological opening of the primary grains (see (21) ). As demonstrated in the previous example, the cardinality of the morphological opening of the noise model can be used as an indicative measure for the cardinality of the expected pattem transformation of the morphological opening of the primary grains. Furthermore, various methods for the estimation of the cardinality of the morphological opening of the noise model could be utilized, e.g., pattem spectrum estimation 
d ( X ; X ) .
U determination of the least mean difference (LMD) structuring elements of altemating (sequential) morphological filters for the restoration of binary images remains an open problem [ 141, [15] . An extension of the results presented in this paper to gray-level images must also be addressed in future research efforts.
